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ON ELECTROMAGN ETlC SWITCHING PROPERTIES OF A 61-STABLE FLUIDIC ELEMENT 
WITH NON-DESTRUCTIVE MEMORY 

By J o s e p h  S .  K o z i o l ,  J r . ,  a n d  R o b e r t  De F u r i a  
E l e c t r o n i c s  R e s e a r c h  C e n t e r  

SUMMARY 

T h i s  r e p o r t  d i s c u s s e s  t h e  f e a s i b i l i t y  o f  c o n t r o l l i n g  a 
m a g n e t i c a l l y  p e r m e a b l e  l i q u i d  b e a d  w i t h  an  e l e c t r o m a g n e t  b e t w e e n  
t w o  s t a b l e  s t a t e s  o f  a p a r t i c u l a r  sys tem.  S e v e r a l  u s e f u l  p r o p e r -  
t i e s  o f  t h e  s w i t c h i n g  s y s t e m ,  name ly ,  m a g n e t o m o t i v e  f o r c e  r e -  
q u i r e d  f o r  s w i t c h i n g ,  s w i t c h i n g  t i m e ,  a n d  a m b i e n t  a c c e l e r a t i o n  
f i e l d  l i m i t s  a r e  d e t e r m i n e d  i n  t e r m s  o f  t h e  s y s t e m  p a r a m e t e r s .  

# 

T h i s  c o n c e p t  s u g g e s t s  a s i m p l e ,  b i - s t a b l e ,  l o w - p o w e r ,  
e l e c t r i c - t o - f l u i d  t r a n s d u c e r  w i t h  n o n - d e s c r u c t i v e  memory .  ( T h e  
f l u i d  b e a d  r e t a i n s  i t s  l a s t  s t a b l e  s t a t e  w i t h  a l l  p o w e r  o f f . )  

D e v e l o p m e n t  o f  a m a g n e t i c a l l y  p e r m e a b l e  l i q u i d  w i t h  h i g h  
s u r f a c e  t e n s i o n  d i d  n o t  r e a c h  t h e  s t a g e  f o r  i m p l e m e n t a t i o n ,  a t  
t h e  c o m p l e t i o n  o f  t h e  a n a l y s i s ,  t o  p e r m i t  e x p e r i m e n t a l  v e r i f i c a -  
t i o n  o f  t h e  a n a l y t i c a l  r e s u l t s  c o n t a i n e d  h e r e i n .  

I INTRODUCTION 

The u n i q u e  c h a r a c t e r i s t i c s  o f  f l u i d i c s  o f f e r  many a d v a n t a g e s  
o v e r  c o n v e n t i o n a l  m e t h o d s  f o r  p e r f o r m i n g  l o g i c ,  s e n s i n g ,  a m p l i f y -  
i n g ,  a n d  a c t u a t i n g .  B e s i d e s  e l i m i n a t i n g  w e a r  o f  m o v i n g  p a r t s ,  
f l u i d i c  i m p l e m e n t a t i o n  i s  r e l a t i v e l y  i m p e r v i o u s  t o  damage b y  t h e  
e n v i r o n m e n t a l  e f f e c t s  o f  r a d i a t i o n  and  h i g h  t e m p e r a t u r e .  T h e s e  
c o n s i d e r a t i o n s  a r e  e s p e c i a l l y  i m p o r t a n t  when d e s i g n i n g  s y s t e m s  
f o r  d e e p - s p a c e  m i s s i o n s  s u c h  a s  a space  p r o b e .  

R e c o g n i t i - o n  o f  t h e s e  i n h e r e n t  a d v a n t a g e s ,  p e r  s e ,  has  n o t  
a n d  w i l l  n o t  be  a p a n a c e a  f o r  r e a l i z i n g  a c t u a l  f u n c t i o n i n g  s y s -  
t e m s .  A l t h o u g h  f l u i d i c  t e c h n o l o g y  i s  e x p a n d i n g  a t  a r a p i d  p a c e ,  
s y s t e m  d e v e l o p m e n t  i s  s t i l l  i n  i t s  e m b r y o n i c  s t a g e  a n d  many b r e a k -  
t h r o u g h s  a r e  n e e d e d .  One s u c h  a r e a  o f  s i g n i f i c a n c e  i s  t h e  e f f i -  
c i e n t  c o n v e r s i o n  o f  e l e c t r i c  s i g n a l s  t o  f l u i d i c  e q u i v a l e n t s .  

I 

The  p u r p o s e  o f  t h i s  p a p e r  i s  t o  d e s c r i b e  a s y s t e m  w i t h  t h i s  
c a p a b i l i t y  a n d  t o  d i s c u s s  t h e  f e a s i b i l i t y  o f  i t s  i m p l e m e n t a t i o n .  

w h i c h  i s  g e o m e t r i c a l l y  r e t a i n e d  i n  e i t h e r  o f  t w o  s t a b l e  s t a t e s  b y  
i t s  s u r f a c e  t e n s i o n .  I n  a t y p i c a l  s y s t e m ,  e a c h  s t a t e  c o u l d  s e r v e  

I 

, The  m e c h a n i s m  a n a l y z e d  h e r e i n  c o n s i s t s  o f  a l i q u i d  b e a d  

I a s  a c o n t r o l  p o r t  f o r  g a s  f l o w .  



This  c o n c e p t  o f  c o n t r o l l i n g  a gas  f l o w  by means o f  a l i q u i d  
bead has been l a b e l l e d ,  pe rhaps  i n a p p r o p r i a t e l y ,  two-phase f l u i d -  
i c s .  I t  was deve loped  by t h e  Conrac C o r p o r a t i o n  and now p r o v i d e s  
a b a s i s  f o r  r e s e a r c h  o n  a number o f  f l u i d i c  components .  I t s  u se -  
f u l n e s s  has  a l r e a d y  been demons t r a t ed  by t h e  s u c c e s s f u l  o p e r a t i o n .  
of a n  a lpha-numer ic  d i s p l a y  w i t h  memory ( r e f s .  1 a n d  3 )  and by a n  
i n f i n i t e - i n p u t  impedance a m p l i f i e r  ( r e f .  2 ) .  I n  t h e s e  t w o  a p p l i -  
c a t i o n s ,  c o n t r o l  o f  t h e  l i q u i d  bead was accompl ished  by p r e s s u r e  
s i g n a l s .  T h i s  r e p o r t  c o n s i d e r s  c o n t r o l  o f  a m a g n e t i c a l l y  perme- 
a b l e  l i q u i d  bead by means o f  a n  e l e c t r o m a g n e t ;  hence ,  s u g g e s t i n g  
p o s s i b l e  a p p l i c a t i o n s  a s  an e l e c t r i c  t o  f l u i d  t r a n s d u c e r .  

This r e p o r t  evolved  from p r e v i o u s  r e s e a r c h  o r i g i n a t e d  by 
t h e  Conrac C o r p o r a t i o n  ( f o r m e r l y  Giann in i  C o n t r o l s  C o r p o r a t i o n )  
under  Con t rac t  NAS 12-43 wi th  N A S A - E R C  ( r e f s .  1 a n d  2 ) .  

SYMBOLS 

2 A c r o s s - s e c t i o n  a r e a  o f  e l e c t r o m a g n e t ,  me te r  
2 s u r f a c e  a r e a  o f  bead ,  me te r  

i n i t i a l  s u r f a c e  a r e a  o f  bead ,  meter  
A B  

A O  
2 

2 B magnet ic  f i e l d  i n t e n s i t y ,  weber lmeter  

D h e i g h t  o f  e l e c t r o m a g n e t  g a p ,  me te r  

e l e c t r o m a g n e t i c  f o r c e ,  ( a m p - t u r n )  weber /meter  

s u r f a c e  f o r c e ,  newton 
F B  

F S T  

g e a r t h ' s  g r a v i t a t i o n a l  c o n s t a n t ,  m e t e r / s e c 2  

ambient  a c c e l e r a t i o n  f i e l d  f a c t o r ,  d i m e n s i o n l e s s  g a  
H bead d imens ion ,  meter  

I c u r r e n t  , ampere 

kg  k i l o g r a m  

R e l e c t r o m a g n e t  l e n g t h ,  me te r  

L r e s t r i c t i o n  l e n g t h ,  m e t e r  

M mass o f  bead ,  k i logram 

N number o f  t u r n s  o f  c o i l  
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NI ,MMF magnetomotive f o r c e ,  amp-turn 

r r a d i u s  of  r e s t r i c t i o n ,  meter  

b R  r a d i u s  of chamber,  meter 

R 7 R g 7 R 1  r e l u c t a n c e ,  ampere/weber 

t t i m e ,  second 

c R 2 7 R 3 7 R 4  

s w i t c h i n g  t i m e ,  second 
t S  

T k i n e t i c  e n e r g y ,  newton-meter 

U p o t e n t i a l  e n e r g y ,  newton-meter 

e l e c t r o m a g n e t i c  p o t e n t i a l  e n e r g y ,  ( a m p - t u r n )  weber 

e l e c t r o m a g n e t i c  ene rgy  c o n s t a n t ,  ( a m p - t u r n )  weber 

s u r f a c e  p o t e n t i a l  ene rgy ,  newton-meter  

u B  

'BO 

'ST 

s u r f a c e  energy  c o n s t a n t ,  newton-meter 
"STO 

e l e c t r o m a g n e t i c  ene rgy  i n  gap ,  ( a m p - t u r n )  weber 
u g  
W e l e c t r o m a g n e t  w i d t h ,  meter  

X i ndependen t  c o o r d i n a t e ,  c e n t e r - o f - m a s s  p o s i t i o n  of  
bead ,  me te r  

p o s i t i o n  o f  b e a d ' s  l e a d i n g  s u r f a c e ,  me te r  x L  

xsw 

X g e o m e t r i c  c e n t e r  of  s w i t c h i n g  sys t em,  meter  
0 

p o s i t i o n  of cen te r -o f -mass  a t  s w i t c h i n g ,  meter  

k v e l o c i t y  o f  b e a d ' s  c e n t e r - o f - m a s s ,  m e t e r / s e c  

X a c c e l e r a t i o n  o f  b e a d ' s  c e n t e r - o f - m a s s ,  m e t e r / s e c  

P d e n s i t y  of bead ,  kg/meter 

2 .. 
3 

4 magne t i c  f l u x ,  weber 

0 s u r f a c e  t e n s i o n  c o n s t a n t ,  newton/meter  

3 



lJ 

'b 

9 lJ 

4 

magnetic permeability o f  electromagnet, weber/amp-meter 

magnetic permeability o f  bead, weber/amp-meter 

magnetic permeability o f  body in electromagnet gap, . 
weber/amp-meter 

magnetic permeability o f  air, weber/amp-meter c 



ANALYSIS 

T h e  g e n e r a l i z e d  L a g r a n g e  e q u a t i o n  i s  a c o n v e n i e n t  method 
f o r  a n a l y z i n g  t h e  dynamic behav io r  o f  d i s c r e t e  p o i n t  sys tems ' e s p e c i a l l y  when t h e  sys tem can be d e s c r i b e d  i n  t e rms  of  independ-  
e n t  c o o r d i n a t e s .  I t  w i l l  be used t o  d e s c r i b e  t h e  motion o f  a 
m a g n e t i c a l l y  permeable  l i q u i d  bead c o n s t r a i n e d  t o  move th rough  a , r e s t r i c t i o n  w h i l e  i n f l u e n c e d  by a magnet ic  f i e l d .  The g e n e r a l  
r e p r e s e n t a t i o n  o f  such a sys tem i s  shown i n  F igu re  1 .  

In  a n a l y z i n g  the  b e a d ' s  mot ion ,  emphasis  w i l l  be p l aced  o n  
t h e  c e n t e r - o f - m a s s  of t h e  bead ,  wh i l e  t h e  de fo rma t ion  o f  t h e  bead 
w i l l  be assumed t o  a f f e c t  o n l y  t h e  p o t e n t i a l  e n e r g y .  I n  o t h e r  
words ,  the  bead i s  t r e a t e d  a s  a r i g i d  body w i t h  i t s  k i n e t i c  ene rgy  
ba lanced  by t h e  e l e c t r o m a g n e t i c  energy  o f  t h e  a p p l i e d  "B" f i e l d  
and s u r f a c e  e n e r g y ,  o r  work done by t h e  s u r f a c e  t e n s i o n ,  which i s  
implemented by t h e  v a r i a b l e  r e s t r i c t i o n .  

A s t r i c t  ene rgy  d e s c r i p t i o n  o f  t h e  problem would r e q u i r e  
r e p r e s e n t i n g  t h e  v a r i a t i o n a l  motions o f  each i n d i v i d u a l  segment 
of  t h e  f l u i d  bead w i t h  p r o p e r l y  d e f i n e d  c o o r d i n a t e s  a n d  c o n s t r a i n t s .  

1 . -Genera l  r e p r e s e n t a t i o n  o f  a m a g n e t i c a l l y  
permeable  bead i n  a v a r i a b l e  r e s t r i c t i o n  
w i t h  a p p l i e d  magnet ic  f i e l d  ''B" 

However, s i n c e  t h e  main p o i n t  o f  i n t e r e s t  i s  no t  t o  examine t h e  
f l u i d  f l o w  phenomena i n v o l v e d ,  b u t  r a t h e r  t o  f o l l o w  t h e  macro- 
s c o p i c  d i s p l a c e m e n t  of t h e  bead ,  t h e  n e t  e f f e c t  w i l l  be r e p r e -  
s e n t e d  i n  t e rms  of i t s  c e n t e r - o f - m a s s  motion.  
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T h i s  a p p r o a c h  a l l o w s  t h e  p r o b l e m  t o  be d e s c r i b e d  i n  t e r m s  
o f  a s i n g l e  i n d e p e n d e n t  c o o r d i n a t e ,  n a m e l y ,  t h e  m o t i o n  o f  t h e  
b e a d  c e n t e r - o f - m a s s .  

The L a g r a n g e  e q u a t i o n  f o r  o n e  i n d e p e n d e n t  c o o r d i n a t e ,  x ,  a 

i s  g i v e n  b y :  

w h e r e  T a n d  U a r e  t h e  t o t a l  k i n e t i c  a n d  p o t e n t i a l  e n e r g i e s  o f  t h e  
s y s t e m ,  r e s p e c t i v e l y .  

No g e n e r a l i z e d  f o r c e  i s  i n c l u d e d  o n  t h e  r i g h t - h a n d  s i d e  
o f  t h i s  e q u a t i o n ,  s i n c e  t h e  a p p l i e d  e l e c t r o m a g n e t i c  f o r c e  a r i s e s  
f r o m  a p o t e n t i a l .  The p o t e n t i a l  e n e r g y  U ,  t h u s ,  c o n s i s t s  o f  t h e  
s u r f a c e  t e n s i o n  e n e r g y  and  t h e  e l e c t r o m a g n e t i c  e n e r g y .  

I n  o r d e r  t o  p r o c e e d  f u r t h e r  i n  t h e  a n a l y s i s ,  a s p e c i f i c  
s y s t e m  needs  t o  be d e f i n e d .  The s y s t e m  c h o s e n  f o r  t h i s  r e p o r t ,  
shown i n  F i g u r e  2 ,  l e n d s  i t s e l f  t o  a s i m p l e  d e s c r i p t i o n  o f  t h e  
r e s t r i c t i o n  p a r a m e t e r s  and  i s  n o t  i n t e n d e d  t o  s u g g e s t  a n  o p t i m u m  
d e s i g n .  

The o r i g i n  o f  t h e  c o o r d i n a t e  s y s t e m  i s  e s t a b l i s h e d  a t  t h e  
b e a d ' s  i n i t i a l  c e n t e r - o f - m a s s  p o s i t i o n  when t h e  b e a d  i s  j u s t  
a b o u t  t o  e n t e r  t h e  r e s t r i c t i o n ,  w h i l e  " x 0 "  i s  t h e  d i s t a n c e  t o  t h e  
s y s t e m ' s  g e o m e t r i c  c e n t e r  f r o m  t h e  o r i g i n .  

C e n t e r - o f - M a s s  

T r a i l i n g  
S u r f a c e  

e n t e r  

n g  S u r f a c e  

I 

F i g u r e  2 . - S y s t e m  c o n f i g u r a t i o n  

6 



An e l e c t r o m a g n e t i c  e n e r g y  a p p r o x i m a t i o n  a n d  a s u r f a c e  
t e n s i o n  e n e r g y  a p p r o x i m a t i o n  h a v e  been d e v e l o p e d  i n  A p p e n d i c e s  A 
a n d  B ,  r e s p e c t i v e l y ,  f o r  a c e r t a i n  s w i t c h i n g  m o d e l  o f  t h e  s y s t e m  
shown i n  F i g u r e  2 .  T h e s e  a p p r o x i m a t i o n s  a r e  r e p e a t e d  h e r e  f o r  
c o n v e n i e n c e .  The  e l e c t r o m a g n e t i c  e n e r g y  a p p r o x i m a t i o n  i s :  

w h e r e  

"BO + [ u o  i ( Z R + L ) ]  

- 
r 'b FB  - 
- 

t -(1 '0 -k) r 

H t L  2 
+ dH2(F+1)  + 4H[Z(;)-(F)- d [ ~ ] +  4($1) 

r 

a n d  p a r e  t h e  m a g n e t i c  p e r m e a b i l i t i e s  o f  t h e  b e a d  a n d  a i r ,  'b 0 
r e s p e c t i v e l y .  
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The s u r f a c e  e n e r g y  a p p r o x i m a t i o n  i s :  

- 
'ST - 'STO + FSTX x i x o  

- 
0 

X L X  - 
- 'STO - FSTX 

( 5 )  

w h e r e  

= Z ~ R ~ ( R  + H )  'STO 

= e n e r g y  c o n s t a n t  d e t e r m i n a b l e  
f r o m  F i g u r e  B-4 

+ //} (7) 

a n d  

- + = g e o m e t r i c  c e n t e r .  
x O  - 2  

The k i n e t i c  e n e r g y  o f  t h e  b e a d  i s :  

w h e r e  M i s  t h e  mass o f  t h e  b e a d  a n d  i s  t h e  v e l o c i t y  o f  t h e  
b e a d ' s  c e n t e r - o f - m a s s .  

When t h e s e  e q u a t i o n s  a r e  s u b s t i t u t e d  i n t o  Eq. (l), t h e  
e q u a t i o n  d e s c r i b i n g  t h e  b e h a v i o r  o f  t h e  b e a d  becomes 

M i  = -FB  - FST 

8 



The value of -FB is positive, since FB is negative and 
represents the electromagnetic driving force contribution result- 
ing from an applied magnetomotive force, N I .  

The quantity -F represents a constant restraining force 
* as the bead enters th8 restriction ( x  I xo) and F T represents 

an equal propelling force when it emerges ( x  2 x o  5 . 
The solution of Eq. (10) describes a single switching 

process and assumes that friction is negligible. Further, the 
switching process is treated as symmetrical and reversible; thus, 
impact effects are neglected. 

side of the first equation is positive. Otherwise, the applied 
electromagnetic force, -FB, is less than the surface tension 
restraining force and the bead will not switch. In this case, 
the bead has no motion and any applied electromagnetic force is 
balanced by a wall-restraining force. 

c 

The solution of Eq. (10) is valid only when the right-hand 

I 
~ for switching. 

When the applied electromagnetic force is equal to the sur- 
face tension restraining force, the bead is on the verge of 
switching, and this defines the electromagnetic force required i 

If the applied electromagnetic force is greater than the 
electromagnetic force required for switching, then switching time 
can be determined from solution of Eq. (10). 

I The determination of the ambient acceleration field that 
will cause switching without an applied electromagnetic force 
will provide a third characteristic of the system. 

These three characteristics, when related to the system 
parameters, would provide valuable design information. They will 
now be examined separately. 

Electromagnetic Force Required for Switching 

The electromagnetic force required for switching can be 
determined, by definition, from the following equation. 

Substituting from Eqs. (4) and (7) and rearranging the 
equation i n  normalized form gives: 

9 
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'b 

w h e r e  N I  i s  t h e  m a g n e t o m o t i v e  f o r c e .  

T h i s  c u r v e  i s  p l o t t e d  i n  F i g u r e  3 a s  a f u n c t i o n  o f  t h e  
r e s t r i c t i o n  r / R .  I t  c a n  be  seen  t h a t  t h e  m a g n e t o m o t i v e  f o r c e  
r e q u i r e d  f o r  s w i t c h i n g  i s  i n d e p e n d e n t  o f  t h e  s i z e  o f  t h e  bead ,  
H/R, t h e  r e s t r i c t i o n  l e n g t h ,  L /R,  a n d  t h e  p e r m e a b i l i t y  r a t i o ,  
' b /po  ( f o r  'b/'o ' loo>* 

A s  w o u l d  be  e x p e c t e d ,  t h e  e l e c t r o m a g n e t i c  f o r c e  r e q u i r e d  
f o r  s w i t c h i n g  d e c r e a s e s  w i t h  l a r g e r  r e s t r i c t i o n s .  The c u r v e  a l s o  
shows t h a t  f o r  b l o c k e d  r e s t r i c t i o n s  ( i . e . ,  r / R  = O ) ,  i t  i s  i m p o s -  
s i b l e  t o  s w i t c h  t h e  bead ,  a n d  f o r  no r e s t r i c t i o n  ( i . e . ,  r / R  = 11,  
t h e  bead  c a n  s w i t c h  w i t h o u t  an a p p l i e d  m a g n e t o m o t i v e  f o r c e .  

Switching Time 

I t  i s  f i r s t  n e c e s s a r y  t o  d e f i n e  " s w i t c h i n g . "  " S w i t c h i n g "  
I w i l l  be d e f i n e d  t o  h a v e  o c c u r r e d  when t h e  t r a i l i n g  s u r f a c e  ( s e e  

F i g u r e  2 )  r e a c h e s  t h e  r e s t r i c t i o n .  S w i t c h i n g  t i m e  c a n  now be  
d e t e r m i n e d  f r o m  t h e  d y n a m i c  s o l u t i o n  o f  Eq. ( 1 0 ) .  

S u b s t i t u t i n g  f r o m  E q s .  ( 4 )  a n d  (7), s o l v i n g ,  a n d  n o r m a l i -  
z i n g  p r o p e r l y  g i v e s :  

'0 
2R 

2 
r 

( c o n t d )  

1 0  
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111 - (:)*- 1](%)+ 4 ( p - l ) 2 ( F ) * ]  

P l o t s  o f  Eq. ( 1 3 )  a r e  shown i n  F i g u r e s  4 ,  5 ,  a n d  6 a s  
f u n c t i o n s  o f  t h e  a p p l i e d  ma,gnetomot ive f o r c e .  The v e r t i c a l  
a s y m p t o t e s  a r e  t h e  o t i v e  f o r c e s  r e q u i r e d  f o r  s w i t c h i n g  
f o r  e a c h  r e s p e c t i v e  

1 1  
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Figure 3.-Magnetomotive force required for 
switching v s .  restriction size 
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Figure 4.-Switching time vs. applied magnetomotive force 
showing the effect of restriction length 
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r /R=0.5 L/R=I.O 

F i g u r e  5 . - S w i t c h i n g  t i m e  v s .  a p p l i e d  m a g n e t o m o t i v e  f o r c e  
s h o w i n g  t h e  e f f e c t  o f  t h e  b e a d ' s  s i z e  

i \  I I 

I 

' \  I 

H/I?=I.O L/R=I.O 

I 
I 
I 
I 

I 1  I I 

0 2 0  4 0  6 0  8 0  I 100 12 0 14 0 16 0 

F i g u r e  6 . - S w i t c h i n g  t i m e  v s .  a p p l i e d  m a g n e t o m o t i v e  f o r c e  
s h o w i n g  t h e  e f f e c t  of r e s t r i c t i o n  s i z e  
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As w o u l d  be e x p e c t e d ,  f o r  a g i v e n  r e s t r i c t i o n ,  h i g h e r  
a p p l i e d  m a g n e t o m o t i v e  f o r c e s  r e s u l t  i n  l o w e r  s w i t c h i n g  t i m e s .  

F i g u r e  4 shows t h a t  t h e  e f f e c t  o f  r e s t r i c t i o n  l e n g t h s  i s  
n e g l i g i b l e  f o r  L/R < 1 .  

F i g u r e  5 shows t h a t  t h e  s i z e  o f  t h e  b e a d  c a n  r e d u c e  t h e  
s w i t c h i n g  t i m e  s i g n i f i c a n t l y .  c 

F i g u r e  6 shows t h a t  f o r  a g i v e n  a p p l i e d  m a g n e t o m o t i v e  f o r c e  
l a r g e r  t h a n  t h a t  r e q u i r e d  f o r  s w i t c h i n g ,  t h e  s w i t c h i n g  t i m e  d e -  
c r e a s e s  s i g n i f i c a n t l y  w i t h  l a r g e r  r e s t r i c t i o n s .  

Ambient Acceleration Field Limit 

I t  i s  p o s s i b l e  t h a t  a m b i e n t  a c c e l e r a t i o n  f i e l d s  c o u l d  c a u s e  
u n w a n t e d  s w i t c h i n g s  w i t h o u t  an a p p l i e d  m a g n e t o m o t i v e  f o r c e .  The 
a x i a l  a c c e l e r a t i o n  f i e l d  c o m p o n e n t  t h a t  w o u l d  c a u s e  s u c h  s w i t c h -  
i n g  c a n  b e  d e t e r m i n e d  f r o m  Eq .  ( 1 0 )  w i t h  t h e  m a g n e t o m o t i v e  f o r c e  
s e t  e q u a l  t o  z e r o .  

S u b s t i t u t i n g  f r o m  Eq. ( 7 )  a n d  n o r m a l i z i n g  p r o p e r l y  g i v e s :  

+ (:-l)2]+} 

E q u a t i o n  1 4  i s  p l o t t e d  i n  F i g u r e  7 a s  a f u n c t i o n  o f  t h e  
r e s t r i c t i o n ,  r / R .  
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I t  i s  a p p a r e n t  t h a t  t h e  c u r v e s  a r e  n o t  v a l i d  f o r  r / R < . 2 5 .  
This can b e  accoun ted  f o r  by an i n c r e a s e d  e r r o r  r e s u l t i n g  from 
t h e  s u r f a c e  t e n s i o n  ene rgy  approx ima t ion  i n  t h i s  r e g i o n .  (See  
Appendix B . )  

Otherwise ,  i t  can be seen  t h a t  t h e  a x i a l  a c c e l e r a t i o n  f i e l d  
l i m i t  i s  i ndependen t  of t h e  r e s t r i c t i o n  l e n g t h  a n d  i n v e r s e l y  
r e l a t e d  t o  t h e  s i z e  of t h e  bead.  A l so ,  a s  w o u l d  be e x p e c t e d ,  t h e  
bead could s w i t c h  w i t h  v i r t u a l l y  n o  ambient  a c c e l e r a t i o n  f i e l d  
p r e s e n t  w h e n  r/R = 1 .  

Numerical Example 

A numerical  exam l e  i s  p rovided  h e r e  t o  s h o w  t h a t  t h e  p r e -  
d i c t e d  va lues  o f  magne omotive f o r c e  r e q u i r e d  f o r  s w i t c h i n g ,  
s w i t c h i n g  t i m e ,  a n d  a x i a l  a c c e l e r a t i o n  f i e l d  l i m i t  a r e  p r a c t i c a l .  
Cons ide r  a t y p i c a l  system w i t h  t h e  f o l l o w i n g  p a r a m e t e r s :  

L/R = 1 . 0 ,  r/R = 0 . 5  

S / R  = 1 . 0  

= 200 'b/'o 
=  TI x weber/amp-meter 

'0 

R = 3 . 0  x me te r  

CJ = . 4 6 2  newton/meter  

p = 1 3 . 5  x 10 k g / m  3 3 

Magnetomotive f o r c e  r e q u i r e d  f o r  s w i t c h i n g . -  From F i g u r e  3 :  

4 [A- ( N I )  = . 7 2  

( N I )  = 88 a m p - t u r n s .  

For N = 1000,  a n d  a r e s i s t a n c e  i n  t h e  c o i l  equa l  t o  1 o h m ,  
t h e  power expended d u r i n g  s w i t c h i n g  i s  . 0 0 7 7  w a t t .  

1 6  



Swi tch ing  t ime.- From F igure  5 and w i t h  an a p p l i e d  mag- 
ne tomot ive  f o r c e  of 200  a m p - t u r n s :  

= .94 t S  

2R 
c 

= .051 second.  
t S  

I f  t h e  a p p l i e d  magnetomotive f o r c e  were i n c r e a s e d  t o  500 
amp- tu rns ,  t h e  s w i t c h i n g  time would be reduced  t o  o n l y  .028 s e c -  
ond. 

Ambient a c c e l e r a t i o n  f i e l d  l i m i t . -  From F i g u r e  7 :  

g a  = . 4 4  g ' s .  

CONCLUSIONS 

S e v e r a l  u s e f u l  p r o p e r t i e s  o f  t h e  e l e c t r o m a g n e t i c  s w i t c h i n g  
system have been de te rmined  i n  terms o f  t h e  system p a r a m e t e r s .  
These p r o p e r t i e s  a r e  magnetomotive f o r c e  r e q u i r e d  f o r  s w i t c h i n g ,  
s w i t c h i n g  t i m e ,  a n d  ambient  a c c e l e r a t i o n  f i e l d  l i m i t .  

The r e s u l t s  o f  t h e  numerical  example p r e d i c t  t h a t  t h e  
system c o u l d  perform q u i t e  s a t i s f a c t o r i l y  a s  a low-power, d i g i t a l ,  
e l  e c t r i  c - t o - f  1 u i  d t r a n s d u c e r .  

I t  i s  q u i t e  d i f f i c u l t  t o  o t h e r w i s e  a p p r a i s e  t h i s  sys tem 
w i t h o u t  e x p e r i m e n t a l  d a t a .  Severa l  a s sumpt ions  were made i n  the  
development  and cou ld  be v a l i d a t e d  by a c t u a l  e x p e r i m e n t a t i o n .  
However, t h e  development  o f  a proper f l u i d  bead has no t  y e t  
r eached  t h e  s t a g e  for  f i n a l  implementa t ion  of t h i s  c o n c e p t .  
Exper iments  w i t h  v a r i o u s  m a t e r i a l s  f o r  d e v e l o p i n g  a non-wet t ing  
l i q u i d  w i t h  h i g h  magne t i c  p e r m e a b i l i t y  a n d  h i g h  s u r f a c e  t e n s i o n  
a r e  p r o g r e s s i n g  i n  t h i s  C e n t e r .  
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The r e s u l t s  o f  t h i s  r e p o r t  a r e  n o t  v a l i d  f o r  s m a l l  r e s t r i c -  
t i o n s ,  f i r s t  o f  a l l ,  b e c a u s e  o f  t h e  a p p r o x i m a t i o n  m e t h o d  a d o p t e d .  
( S e e  A p p e n d i x  B . )  A l s o ,  t h e  a c t u a l  s w i t c h i n g  m o d e l  e q u a t i o n  o m i t s  
t h e  e f f e c t s  o f  f r i c t i o n  and  h y s t e r e s i s  w h i c h  w o u l d  be s i g n i f i c a n t  
f o r  s m a l l  r e s t r i c t i o n s .  

No a t t e m p t  was made t o  p e r f o r m  a n  a c c u r a t e  s m a l l  r e s t r i c -  
t i o n  a n a l y s i s  b e c a u s e  s u c h  a s y s t e m  a p p e a r s  t o  be  i m p r a c t i c a l .  r 

I n  a d d i t i o n ,  t h e  a n a l y s i s  w o u l d  r e q u i r e  a much m o r e  c o m P l i c a t e d  
m o d e l  t o  d e s c r i b e  t h e  b e h a v i o r  o f  t h e  b e a d  w h i c h  w o u l d  be  s u b j e c t  
t o  g r e a t e r  p o s s i b i l i t i e s  o f  r u p t u r e .  

R e g a r d l e s s  o f  t h e s e  comments ,  t h e  f l u i d  b e a d  c o n c e p t  i t s e l f  
m i g h t  s u g g e s t  o t h e r  a p p l i c a t i o n s  a n d  t h e r e b y  w a r r a n t s  f u r t h e r  
r e s e a r c h  t o  e x p a n d  f l u i d i c  t e c h n o l o g y .  

The f a b r i c a t i o n  o f  a p r o p e r  l i q u i d  b e a d  i s  a D r i m a r y  n e e d .  
The r e q u i r e d  p r o p e r t i e s  i n c l u d e  h i g h  m a g n e t i c  p e r m e a b i l i t y ,  n o n -  
w e t t i n g  c a p a b i l i t i e s ,  a n d  h i g h  s u r f a c e  t e n s i o n .  T r u e  f l u i d s  
h a v i n g  h i g h  m a g n e t i c  p e r m e a b i l i t y  h a v e  been  d e v e l o p e d  b u t  t h e s e  
a r e  w e t t i n g  f l u i d s  a n d ,  t h e r e f o r e ,  u n s u i t a b l e  f o r  t h i s  a P P l i c a -  
t i o n  ( r e f s .  4 a n d  5 ) .  I n  m o s t  c a s e s ,  t h e y  a r e  c o r r o s i v e ,  h i g h l y  
v o l a t i l e ,  a n d  p r o n e  t o  o x i d a t i o n .  A l s o ,  s u r f a c e  t e n s i o n  i s  o f t e n  
t r e a t e d  as a p r o p e r t y  o f  l i q u i d s ,  t h o u g h  i t  i s  a c t u a l l y  a p r o p e r t y  
o f  t h e  b o u n d a r y  o f  t h e  l i q u i d  a n d  c a n n o t  be  g i v e n  a n  e x a c t  v a l u e  
w i t h o u t  s p e c i f y i n g  t h e  m a t e r i a l  w h i c h  l i e s  o n  t h e  o t h e r  s i d e  o f  
t h e  b o u n d a r y .  Hence,  d e v e l o p m e n t  o f  t h e  b e a d  m a t e r i a l  c a n n o t  be 
s e p a r a t e d  f r o m  t h a t  o f  t h e  s y s t e m  m a t e r i a l .  

O t h e r  ge rmane  r e s e a r c h  a r e a s  c o u l d  i n c l u d e  o p t i m i z a t i o n  o f  
t h e  r e s t r i c t i o n  g e o m e t r y  t o  a l l o w  s w i t c h i n g  w i t h  m i n i m u m  p o w e r  
c o n s u m p t i o n  a n d  o p t i m i z a t i o n  o f  p e r f o r m a n c e  ( i . e . ,  q u i c k e s t  
s w i t c h i n g  w i t h o u t  damage)  b y  a p p l i c a t i o n  o f  b a n g - b a n g  c o n t r o l  t o  
t h e  a p p l i e d  m a g n e t o m o t i v e  f o r c e .  
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APPENDIX A 

DERIVATION OF ELECTROMAGNETIC ENERGY 
MODEL AND APPROXIMATION 

In  s i m p l e  magne t i c  c i r c u i t s ,  a s  shown i n  F i g u r e  A.1, t h e r e  
i s  a formal  a n a l o g y  t o  Ohm's law for  e l e c t r i c  c i r c u i t s  g i v e n  by: 

E 

where MMF i s  t h e  magnetomotive f o r c e  ana logous  t o  e l e c t r o m o t i v e  
f o r c e ,  R i s  t h e  r e l u c t a n c e  o f  t h e  m a t e r i a l  i n  t h e  c i r c u i t  ana logous  
t o  r e s i s t a n c e ,  a n d  $ i s  the  f l u x  ana logous  t o  c u r r e n t .  

The magnetomotive f o r c e  may be r e g a r d e d  a s  t h e  a g e n t  t h a t  
e s t a b l i s h e s  t h e  f l u x .  The s o u r c e  o f  t h e  magnetomotive f o r c e  i s  
t h e  c u r r e n t  f l o w i n g  i n  t h e  c o i l  wound around t h e  c o r e  of  t h e  mag- 
n e t  a n d  i s  g iven  by:  

where N i s  t h e  number of t u rns  o f  the c o i l  a n d  I i s  t h e  c u r r e n t  i n  
t h e  c o i l .  The dynamics o f  the  e l e c t r o n i c  c i r c u i t  a r e  n e g l e c t e d .  

F i g u r e  A . l  . -E lec t romagne t  

R e l u c t a n c e  i s  d e f i n e d  a s  t h e  r a t i o  o f  magnetomotive f o r c e  
t o  t h e  f l u x  i t  p roduces .  F o r  a s t r a i g h t  b a r  of u n i f o r m  c r o s s -  
s e c t i o n  A ,  a n d  l e n g t h  D,  th rough which t h e  f l u x  l i n e s  a r e  s t r a i g h t ,  
p a r a l l e l ,  a n d  u n i f o r m l y  d i s t r i b u t e d  ( n o  f r i n g i n g ) ,  t h e  r e l u c t a n c e  
i s  g iven  by: 
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R = -  D 
uA ( A . 3 )  

in which u is the magnetic permeability of the material. 

Since the permeability of the ferromagnetic core is much 
larger than the air or vacuum gap, the total reluctance of the 
magnetic circuit can be reasonably approximated by: 

in which pg i s  the permeability of the material i n  the gap, 
as long as D is small. 

Combining the above equations: 

N I  = RgQ . ( A . 5 )  

The energy in the gap can also be expressed in terms of the 
reluctance of the magnetic path. With non-linearity and hysteresis 
neglected, the energy is: 

Now if a body of permeability is placed i n  the gap, as 
shown i n  Figure A . 2 ,  the equivalent reluctance of the circuit 
and the energy in the gap will be affected. 

circuitry becomes that of two reluctances,D/(ugWx) and D/[p,W(~-x)l 
acting in parallel, namely: 

The equivalent reluctance i n  the gap analogous to electronic 

1 
= L[ug aW (5). uo( l -$ )  1 (A.7) 

where the area in the gap is now assumed rectangular and W is the 
width and R is the length. 
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Figure A.2.-Electromagnet showing body (with 
permeability !J ) partially in gap 

9 
This is also equivalent to the reluctance of the entire 

circuit if: 

(A.8) g o  !J >>?J 

From Eq. (A.6) the energy in the gap is: 

or: 

(A.lO) 

A similar process can be followed in determining the energy 
in the restriction of the system shown in Figure A.3. 

C- 
c-  

Figure A,3.-Complete switching system 
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I n  t h i s  c o n f i g u r a t i o n ,  t h e  e q u i v a l e n t  r e l u c t a n c e  c o n s i s t s  
o f  p a r a l l e l  a n d  s e r i e s  c o m b i n a t i o n s  s c h e m a t i c a l l y  r e p r e s e n t e d  i n  
F i g u r e  A.4.  

NI 

F i g u r e  A . 4 . - S c h e m a t i c  o f  E l e c t r o m a g n e t i c  C i r c u i t  

The r e l u c t a n c e s  a r e  d e f i n e d  a s  f o l l o w s :  

- 2R - R - - 
R - r ) ( Z R + L )  R 3  2 u o (  R - r ) ( 2 R + L )  PO( 

- R - 2R - 
‘4 2 U o r ( 2 R + L - x L )  p o r ( 2 R + L - x L )  

. 
R3 

( A . l l )  

( A . 1 2 )  

( A . 1 3 )  

( A . 1 4 )  

w h e r e  P b  a n d  p o  a r e  t h e  m a g n e t i c  p e r m e a b i l i t i e s  o f  t h e  b e a d  a n d  
a i r ,  r e s p e c t i v e l y ,  X L  i s  t h e  p o s i t i o n  o f  t h e  l e a d i n g  s u r f a c e ,  a n d  
L i s  t h e  r e s t r i c t i o n  l e n g t h .  

c o n t a i n i n g  t h e  b e a d  i s  a p p r o x i m a t e l y  e q u a l  t o  t h a t  i n  t h e  e m p t y  
c a v i t y  ( a i r )  a n d  t h a t  t h e  b e a d  h a s  a f l a t  l e a d i n g  s u r f a c e .  

These  e q u a t i o n s  assume t h a t  t h e  p e r m e a b i l i t y  o f  t h e  m a t e r i a l  

O n l y  one  e l e c t r o m a g n e t  i s  shown i n  F i g u r e  A.3,  w h e r e a s  
i n  t h e  a c t u a l  s y s t e m  a s e c o n d  e l e c t r o m a g n e t ,  f o r  r e v e r s e  s w i t c h -  
i n g s ,  w o u l d  be  a r r a n g e d  s i m i l a r l y  o n  t h e  l e f t  s i d e  b u t  r o t a t e d  
90 d e g r e e s  a b o u t  t h e  s w i t c h i n g  a x i s  t o  p r e v e n t  m e c h a n i c a l  i n t e r -  
f e r e n c e .  
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When the equivalent reluctance is determined and combined 
with Eq. (A.9), the energy i n  the restriction becomes: 

" B  = -i(NI)'{[po (l-i)(ZR+L)] + [pOk(ZR+L-x 

(A.15) 

Equation (A.15), therefore, relates the electromagnetic 
potential energy of the bead to the position of its leading sur- 
face XL, as the bead proceeds through the restriction. The form 
of Lagrange's equation in the text requires that the potential 
energy be expressed as a function of the independent coordinate, 
namely, the position of the bead's center-of-mass. 

to its center-of-mass position by imposing the constant volume 
constraint. This gives: 

The position of the bead's leading surface can be related 

where XL and x are defined from the origin of the coordinate 
system as shown in Figure A.5. The origin of the coordinate 
system is established at the bead's initial center-of-mass posi- 
tion when the bead is just about t o  enter the restriction. 

Now consider the bead as it exits the restriction. If the 
switching process resembled the "squirt" model shown i n  Figure 
A.6, the relationship between the position o f  the bead's leading 
surface and its center-of-mass position would still be described 
by Eq. (A.16). However, deviations from the "squirt" switching 
model lead to different xL vs. x relationships. 
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T r a i l i n g  S u r f a c e  

C e n t e r - o f  -Mass 

r f a c e  

F i g u r e  A .5 . -Bead  c o n f i g u r a t i o n  s h o w i n g  l e a d i n g  s u r f a c e ,  
t r a i l i n g  s u r f a c e ,  and  c e n t e r - o f - m a s s  

C e n t e r - o f - M a s s  

t""- X L  .-J 
F i g u r e  A . 6 . - " S q u i r t 1 '  s w i t c h i n g  p r o c e s s  m o d e l  

The bounds  o f  a n y  p o s s i b l e  xL  v s  x r e l a t i o n s h i p  c a n  be  
r e p r e s e n t e d  q u i t e  s i m p l y  w i t h  r e s p e c t  t o  t h e  ' ' s q u i r t "  m o d e l .  
E q u a t i o n  ( A . 1 6 )  i s  p l o t t e d  i n  F i g u r e  A.7 a s  s o l i d  l i n e s  f o r  
s e v e r a l  r e s t r i c t i o n  s i z e s .  The l e a d i n g  s u r f a c e  p o s i t i o n  i s  t h e  
o r d i n a t e  a n d  t h e  c e n t e r - o f - m a s s  p o s i t i o n  i s  t h e  a b s c i s s a .  

N o t e  t h a t  e a c h  c u r v e  c a n  b e  a p p r o x i m a t e d  b y  a s t r a i g h t  
l i n e  q u i t e  w e l l  a s  x /R becomes l a r g e .  

N o w  f o r  e a c h  r e s p e c t i v e  r e s t r i c t i o n ,  t h e  s o l i d  l i n e  r e p r e -  

C o n v e r s e l y ,  t h e  s t r a i g h t  l i n e  o f  s l o p e  " 1 "  w o u l d  r e p r e s e n t  

s e n t s  t h e  maximum v a l u e s  o f  xL  t h a t  a r e  p h y s i c a l l y  p o s s i b l e .  

t h e  min imum v a l u e s  o f  X L  t h a t  a r e  p h y s i c a l l y  p o s s i b l e  f o r  a n y  
r e s t r i c t i o n  ( i . e . ,  t h e  c e n t e r - o f - m a s s  a n d  l e a d i n g  s u r f a c e  h a v e  n o  
r e l a t i v e  m o t i o n ) .  The s t r a i g h t  l i n e  o f  s l o p e  " 1 "  a l s o  r e p r e s e n t s  
t h e  o n l y  p o s s i b l e  x L  v s .  x r e l a t i o n s h i p  when r / R  = 1. 
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The f o r m e r  assumes t h a t  t h e  b e a d  d o e s  n o t  c o n t r a c t  m o r e  
t h a n  t h e  r e s t r i c t i o n  s i z e  w h i l e  s w i t c h i n g  a n d  t h e  l a t t e r  assumes 
i n c o m p r e s s i b i l i t y .  

A c c o r d i n g l y ,  i t  c a n  be d e d u c e d  f r o m  F i g u r e  A.7 t h a t :  4 

( 1 )  E q u a t i o n  ( A . 1 6 )  i s  a good ,  r e a s o n a b l e  d e s c r i p t i o n  o f  a n y  

( 2 )  The d o t t e d  s t r a i g h t  l i n e s  shown a r e  g o o d  a p p r o x i m a -  

T h e r e f o r e ,  r a t h e r  t h a n  i n v o l v e  t h e  n o n - l i n e a r i t i e s  o f  a n d  

s w i t c h i n g  p r o c e s s  f o r  l a r g e  r e s t r i c t i o n  s i z e s  ( i . e . ,  r / R  > . 7 5 ) .  

t i o n s  t o  t h e  s o l i d  l i n e s  f o r  x c  x o  ( g e o m e t r i c  c e n t e r ) .  

u n d e t e r m i n e d  d e v i a t i o n s  f r o m  t h e  " s q u i r t "  s w i t c h i n g  m o d e l  , t h e  
s t r a i g h t - l i n e  a p p r o x i m a t i o n s  a r e  u s e d  i n  t h e  t e x t  i n  a n a l y z i n g  
t h e  s y s t e m  c h a r a c t e r i s t i c s .  

These a p p r o x i m a t i o n s  s h o u l d  be  e x t r e m e l y  a c c u r a t e  f o r  p r e -  
d i c t i n g  t h e  a m b i e n t  a c c e l e r a t i o n  f i e l d  l i m i t  and  t h e  m a g n e t o m o t i v e  
f o r c e  r e q u i r e d  f o r  s w i t c h i n g ,  s i n c e  o n l y  t h e  i n i t i a l  X L  v s .  x 
i n f o r m a t i o n  i s  r e q u i r e d .  T h a t  i s ,  t h e s e  p r o p e r t i e s  d e p e n d  o n l y  
on t h e  l a r g e s t  r a t e  o f  e n e r g y  c h a n g e  a n d  t h i s  o c c u r s  i n  t h e  
r e s t r i c t i o n .  

T h e  a p p r o x i m a t i o n s  a r e  n o t  s o  a c c u r a t e  f o r  d e t e r m i n i n g  t h e  
s w i t c h i n g  t i m e  s i n c e  s i g n i f i c a n t  v a r i a t i o n s  o c c u r  b e f o r e  c o m p l e t e  
s w i t c h i n g .  A l s o ,  t h e  a p p r o x i m a t i o n s  a r e  n o t  c o n s e r v a t i v e  ( t h e y  
t e n d  t o  p r e d i c t  s w i t c h i n g  t i m e s  l e s s  t h a n  t h e  a c t u a l  s w i t c h i n g  
t i m e s ) ,  b u t  s t i l l  p r e d i c t  a r e a s o n a b l e  e s t i m a t e  ( i . e . ,  w i t h i n  a 
f a c t o r  o f  2 f o r  r / R  = . 5 ) .  

The s t r a i g h t - l i n e  a p p r o x i m a t i o n  r e l a t i n g  t h e  b e a d ' s  l e a d i n g  
s u r f a c e  p o s i t i o n  t o  i t s  c e n t e r - o f - m a s s  p o s i t i o n  c a n  be  d e t e r m i n e d  
f r o m  Eq.  ( A . 1 6 )  a n d  i s  g i v e n  b y  
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F i n a l l y ,  t h e  e l e c t r o m a g n e t i c  e n e r g y  c a n  b e  d e t e r m i n e d  a s  a 
f u n c t i o n  o f  t h e  b e a d ' s  c e n t e r - o f - m a s s  p o s i t i o n  b y  s u b s t i t u t i n g  
E q .  ( A . 1 7 )  i n t o  Eq. ( A . 1 5 ) :  

'B = "BO + F B x  ( A . 1 8 )  

w h e r e  

'BO = - f r ( N I ) ' { [ p O ( l - ~ )  (2R+L)] + [p0k(2R+L)] 

( A . 1 9 )  

a n d  

+ [H'(>lf + 4H[Z($f -(:f - 1 ] ( 7 - )  H+L 

The e l e c t r o m a g n e t i c  e n e r g y  i s  a l s o  a f f e c t e d  b y  p o s s i b l e  
d e v i a t i o n s  i n  r e l u c t a n c e  a s  t h e  bead emerges  f r o m  t h e  r e s t r i c t i o n .  
B u t ,  t h i s  e f f e c t  t e n d s  t o  o f f s e t  t h e  X L  v s .  x d e v i a t i o n s  j u s t  
m e n t i o n e d .  T h i s  c a n  b e  shown by e x a m i n i n g  E q .  ( A . 1 5 ) .  Any d e v i a -  
t i o n  i n  r e l u c t a n c e  w o u l d  mean an e f f e c t i v e  i n c r e a s e  i n  r a n d ,  
h e n c e ,  a n  i n c r e a s e  i n  t h e  s t o r e d  e l e c t r o m a g n e t i c  e n e r g y ,  w h i c h ,  
i n  t u r n ,  w o u l d  r e d u c e  t h e  s w i t c h i n g  t i m e .  
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T h i s  e f f e c t  c a n  be  e x a m i n e d  q u a n t i t a t i v e l y  f o r  t h e  h y p o -  
t h e t i c a l  s w i t c h i n g  p r o c e s s  m o d e l  shown i n  F i g u r e  A.8.  T h i s  m o d e l  
r e f l e c t s  t h e  m in imum p o s s i b l e  r e l u c t a n c e  a c r o s s  t h e  chamber  a s  a 
f u n c t i o n  o f  t h e  b e a d ' s  l e a d i n g  s u r f a c e .  

* 

C e n t e r - o f - M a s s  

F i g u r e  A . 8 . - H y p o t h e t i c a l  s w i t c h i n g  p r o c e s s  m o d e l  

A f t e r  c o m p u t i n g  t h e  e f f e c t i v e  r e l u c t a n c e  i n  t h e  r e s t r i c t i o n  
a n d  r i g h t  chamber  a s  a f u n c t i o n  o f  t h e  b e a d ' s  l e a d i n g  s u r f a c e ,  
and  p l a c i n g  i n t o  t h e  e n e r g y  E q .  ( A . 9 ) ,  t h e  e l e c t r o m a g n e t i c  e n e r g y  
becomes : 

( A . 2 1 )  

I n  o r d e r  t o  a s s e s  t h e  e f f e c t  o f  r e l u c t a n c e  o n  s w i t c h i n g  
t i m e ,  t h e  c o e f f i c i e n t s  o f  X L  i n  E q s .  ( A . 2 1 )  a n d  ( A . 1 5 ) ,  w h i c h  
r e p r e s e n t  t h e  e n e r g y  r a t e  o f  c h a n g e ,  m u s t  be  c o m p a r e d .  

I t  i s  f o u n d  t h a t  t h e  c o e f f i c i e n t  o f  t h e  h y p o t h e t i c a l  s w i t c h -  
i n g  p r o c e s s  i s  l a r g e r  t h a n  t h a t  o f  t h e  " s q u i r t "  s w i t c h i n g  p r o c e s s  
m o d e l  b y  a f a c t o r  o f  

- R + -(F-l) 'b R (F) . 
'0 
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1 . o  

. 5 0  

A c c o r d i n g  t o  t h e  s w i t c h i n g  t i m e  e q u a t i o n  i n  t h e  t e x t ,  t h i s  
r e d u c e s  t h e  e s t i m a t e d  s w i t c h i n g  t i m e  b y  a f a c t o r  o f  a p p r o x i -  
m a t e l y :  

1 1 '  

1 4  20  

T h i s  f a c t o r  i s  shown i n  T a b l e  A . l  f o r  d i f f e r e n t  v a l u e s  o f  
r e s t r i c t i o n  s i z e s  and  p e r m e a b i l i t y  r a t i o s .  

. 3 3  

T h i s  d e v e l o p m e n t  was i n t e n d e d  t o  show t h a t  t h e  e s t i m a t e d  
s w i t c h i n g  t i m e  g i v e n  b y  t h e  " s q u i r t "  s w i t c h i n g  D r o c e s s  m o d e l  
t e n d s  t o  b e  c o n s e r v a t i v e  a n d  n o t  i n t e n d e d  t o  d e t e r m i n e  a m in imum 
s w i t c h i n g  t i m e .  The s w i t c h i n g  t i m e  p r e d i c t e d  b y  t h e  I t s q u i r t "  
s w i t c h i n g  p r o c e s s  m o d e l  s h o u l d  p r o v i d e  a r e a s o n a b l e  e s t i m a t e  f o r  
a n y  p r a c t i c a l  s w i t c h i n g  s y s t e m .  

2 5  3 5  

TABLE A . 1  

.25  
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APPENDIX B 

DERIVATION OF SURFACE TENSION ENERGY 
MODEL AND APPROXIMATION 

The ene rgy  e x p r e s s i o n  f o r  s u r f a c e  t e n s i o n  i s  given  b y  

uST = 1 adAB + c o n s t a n t  ( B . 1 )  

where U S T  i s  t h e  p o t e n t i a l  s u r f a c e  e n e r g y ,  A B  i s  t h e  s u r f a c e  
a r e a  of  t h e  bead ,  and (T i s  t h e  s u r f a c e  t e n s i o n  c o n s t a n t .  

I I t  may a p p e a r ,  a t  f i r s t ,  t h a t  t h e  e x p r e s s i o n  r e l a t i n g  t h e  
s u r f a c e  a r e a  of t h e  bead t o  i t s  c e n t e r - o f - m a s s  p o s i t i o n  i s  s imply  
a g e o m e t r i c  problem. A more thorough examina t ion  w i l l  r e v e a l  
t h a t  t h e  bead can e x i t  t h e  r e s t r i c t i o n  w i t h  v a r i o u s  o r o f i l e s .  

I n  t h i s  a n a l y s i s ,  a n  ene rgy  model w i l l  be d e p i c t e d  f o r  a 
c e r t a i n  t y p e  o f  s w i t c h i n g  p r o c e s s .  I t  w i l l  t hen  be shown t h a t  
a n y  p r a c t i c a l  s w i t c h i n g  p r o c e s s  can be d e s c r i b e d  r e a s o n a b l y  wel l  
by t h i s  model.  F i n a l l y ,  a l i n e a r  a p p r o x i m a t i o n  w i l l  be f i t t e d  
t o  t h e  model t o  a l l o w  s imple  y e t  c r e d u l o u s  a n a l y s i s  o f  t h e  
sys tem c h a r a c t e r i s t i c s .  

Cons ide r  t h e  bead shown i n  F igu re  B . l .  The menisc i  of t h e  
bead a r e  assumed f l a t  t o  pe rmi t  an uncompl ica ted  d e s c r i p t i o n  o f  
t h e  b e a d ' s  s u r f a c e  a r e a .  Fur thermore ,  t h e  thermodynamic c r i t e -  
r i o n  o f  margina l  s t a b i l i t y  s t a t e s  t h a t  v a r i a t i o n s  i n  t h e  meniscus 
shape  produce n o  v a r i a t i o n s  i n  t h e  t o t a l  p o t e n t i a l  ener9.v ( r e f .  
B . 3 ) .  I 

Geometr ic  C e n t e r  

Center -of -Mass  

F i g u r e  B.1.-Bead c o n f i g u r a t i o n  
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The o r i g i n  o f  t h e  c o o r d i n a t e  s y s t e m  i s  e s t a b l i s h e d  a t  t h e  
b e a d ' s  i n i t i a l  c e n t e r - o f - m a s s  p o s i t i o n  when t h e  b e a d  i s  j u s t  
a b o u t  t o  e n t e r  t h e  r e s t r i c t i o n .  

The r e l a t i o n s h i p  b e t w e e n  t h e  s u r f a c e  a r e a  a n d  t h e  c e n t e r -  b 

o f - m a s s  p o s i t i o n  o f  t h e  b e a d  a s  i t  p r o c e e d s  t h r o u g h  t h e  r e s t r i c -  
t i o n ,  as shown i n  F i g u r e  B.2,  i s  g i v e n  b y :  

+ [H ( r  E+l ) ' +  4H[2(Ff -(If - 1]x 

T h i s  r e l a t i o n s h i p  i s  d e r i v e d  b y  f i r s t  r e l a t i n g  t h e  s u r f a c e  
a r e a  t o  t h e  l e a d i n g  a n d  t r a i l i n g  s u r f a c e s  o f  t h e  bead ;  r e l a t i n g  
t h e  c e n t e r - o f - m a s s  p o s i t i o n  t o  t h e  l e a d i n g  a n d  t r a i l i n g  s u r f a c e s ;  
i m p o s i n g  t h e  c o n s t a n t  v o l u m e  c o n s t r a i n t ;  a n d  f i n a l l y ,  c o m b i n i n g  
t h e s e  e x p r e s s i o n s .  

New Cen t  e r - o f  -Mass 
P o s i t i o n  

F i g u r e  B .2 . -Bead  p r o c e e d i n g  t h r o u g h  r e s t r i c t i o n  
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Now c o n s i d e r  t h e  b e a d  a s  i t  e x i t s  t h e  r e s t r i c t i o n .  I f  t h e  
b e a d  w e r e  f o r c e d  s t r o n g l y  t o  s w i t c h ,  t h e  s w i t c h i n g  p r o c e s s  w o u l d  
r e s e m b l e  t h e  ' ' s q u i r t "  m o d e l  shown i n  F i g u r e  B .3 .  O n l y  d u r i n g  
t h i s  t y p e  o f  s w i t c h i n g  p r o c e s s  c o u l d  t h e  b e a d  a t t a i n  i t s  maximum 

,, e n e r g y  ( a r e a )  s t a t e .  O b v i o u s l y  t h e  a r e a  r e l a t i o n s h i p  o f  Eq. ( B . 2 )  
s t i l l  a p p l i e s  h e r e .  

Cen te r -o f ;Mass  

F i g u r e  B . 3 . - " S q u i r t "  s w i t c h i n g  p r o c e s s  m o d e l  

Now, r a t h e r  t h a n  t r y i n g  t o  d e p i c t  d e v i a t i o n s  f r o m  t h e  
" s q u i r t "  s w i t c h i n g  p r o c e s s  p h y s i c a l l y ,  i t  i s  m o r e  c o n v e n i e n t  a n d  
a p r o p o s  t o  e x a m i n e  d e v i a t i o n s  f r o m  a p l o t  o f  t h e  " s q u i r t "  s w i t c h -  
i n g  p r o c e s s  [Eq .  ( B . 2 ) ] ,  w h i c h  i s  shown a s  t h e  s o l i d  l i n e  i n  
F i g u r e  B .4 .  The s u r f a c e  a r e a  o f  t h e  bead ,  A B ,  n o r m a l i z e d  w i t h  
r e s p e c t  t o  i t s  i n i t i a l  a r e a ,  A o ,  i s  t h e  o r d i n a t e ,  a n d  t h e  c e n t e r -  
o f - m a s s  p o s i t i o n ,  n o r m a l i z e d  w i t h  r e s p e c t  t o  R ,  i s  t h e  a b s c i s s a .  

B e c a u s e  o f  t h e  s y m m e t r y  o f  t h e  s y s t e m ,  t h e  c o m p l e t e  s i n g l e  
s w i t c h i n g  p r o c e s s  i s  shown s y m m e t r i c a l  a b o u t  t h e  g e o m e t r i c  c e n t e r .  

The s o l i d  l i n e  d e s c r i b e s  a n y  s w i t c h i n g  p r o c e s s  a s  t h e  
l e a d i n g  s u r f a c e  o f  t h e  b e a d  p r o c e e d s  t h r o u g h  t h e  r e s t r i c t i o n .  
O n l y  when t h e  b e a d  b e g i n s  t o  emerge f r o m  t h e  r e s t r i c t i o n  c a n  
d e v i a t i o n s  o c c u r .  The  s h a d e d  p o r t i o n  f o r  e a c h  r e s p e c t i v e  r e -  
s t r i c t i o n  r e p r e s e n t s  t h e  p o s s i b l e  d e v i a t i o n s  f r o m  Eq. ( B . l )  f o r  
t h a t  r e s t r i c t i o n ,  a s  t h e  bead  emerges f r o m  t h e  r e s t r i c t i o n .  

I n  e f f e c t ,  t h e  m in imum v a l u e  o f  e a c h  s h a d e d  p o r t i o n  r e p r e -  
s e n t s  t h e  m i n i m u m  p o s s i b l e  s u r f a c e  a r e a  ( e n e r g y )  o f  t h e  b e a d  a t  
s w i t c h i n g  f o r  t h e  p a r t i c u l a r  r e s t r i c t i o n .  I t  i s  t h e  a r e a  o f  t h e  
b e a d  when t h e  l e a d i n g  s u r f a c e  j u s t  b e g i n s  t o  emerge  f r o m  t h e  
r e s t r i c t i o n ,  a s  shown i n  F i g u r e  B . 5 .  
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Figure 6 . 5 . - R e p r e s e n t a t i o n  o f  t h e  m i n i m u m  p o s s i b l e  a r e a  
t h a t  t h e  bead can have a t  s w i t c h i n g  

I t  i s  a p p a r e n t  from F i g u r e  B.4 t h a t :  

( 1 )  E q u a t i o n  B.2 i s  a good r e a s o n a b l e  d e s c r i p t i o n  of any 

(2) The d o t t e d  s t r a i g h t  l i n e s  shown a r e  good approxima- 

s w i t c h i n g  p r o c e s s  f o r  l a r g e  r e s t r i c t i o n s  ( i  . e . ,  r/R >.75). 

t i o n s  t o  t h e  s o l i d  l i n e s .  

Hence, r a t h e r  t han  i n v o l v e  t h e  n o n - l i n e a r i t i e s  of  a n d  
undetermined  d e v i a t i o n s  from E q .  (B.2), t h e  s t r a i g h t - l i n e  a p p r o x i ,  
ma t ions  a r e  used i n  the  t e x t  t o  a n a l y z e  t h e  system c h a r a c t e r i s -  
t i c s .  These  a p p r o x i m a t i o n s  a r e  e s p e c i a l l y  war ran ted  i n  d e t e r -  
m i n i n g  t h e  ambient  a c c e l e r a t i o n  f i e l d  l i m i t ,  a n d  magnetomotive 
f o r c e  r e q u i r e d  f o r  s w i t c h i n g ,  s i n c e  t h e s e  p r o p e r t i e s  depend o n l y  
on t h e  l a r g e s t  r a t e  o f  ene rgy  change a n d  t h i s  o c c u r s  i n  t h e  
r e s t r i c t i o n .  

While no t  e n t i r e l y  a s  a c c u r a t e  f o r  d e t e r m i n i n g  t h e  s w i t c h -  
i n g  t i m e ,  t h e  s t r a i g h t - l i n e  approximat ion  does  t end  t o  g i v e  a 
r e a s o n a b l e ,  c o n s e r v a t i v e  e s t i m a t e .  

U s i n g  Eqs. (8.2) a n d  ( B - 1 ) ,  the  s t r a i g h t - l i n e  approx ima t ion  
r e l a t i n g  t h e  s u r f a c e  ene rgy  o f  t h e  bead t o  i t s  c e n t e r - o f - m a s s  
p o s i t i o n  becomes: 

where 

+ F S T X  "ST - 'STO 
- 

0 
x 2 x  

"STO = Z.rrRa(RtH) 0 . 4 )  

- 
= ene rgy  c o n s t a n t  d e t e r m i n a b l e  from F i g u r e  B.4 "STO 
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a n d  

x = - -  H+L - g e o m e t r i c  c e n t e r .  ( B . 6 )  0 2 

I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  " s q u i r t "  s w i t c h i n g  m o d e l  
c u r v e s  b e g i n  t o  d e c r e a s e  f o r  l a r g e  x /R ,  a s  r / R  becomes l e s s  t h a n  
. 2 5 .  T h i s  e f f e c t  i s  shown i n  F i g u r e  B . 6 .  What  t h i s  means i s  
t h a t  t h e  c e n t e r - o f - m a s s  o f  t h e  b e a d  i s  now m o r e  a f f e c t e d  b y  t h e  
l a r g e  moment a rm o f  t h e  mass p a s t  t h e  r e s t r i c t i o n  t h a n  b y  t h e  
mass r e m a i n i n g  b e h i n d  i n  t h e  c h a m b e r .  

A l s o ,  n o t e  t h a t  t h e  i n i t i a l  s l o p e s  o f  a l l  t h e  s w i t c h i n g  
mode l  c u r v e s  c o n t i n u e  t o  i n c r e a s e  f o r  d e c r e a s i n g  v a l u e s  o f  r / R .  
T h e s e  s l o p e s  d e t e r m i n e  t h e  m a g n e t o m o t i v e  f o r c e  r e q u i r e d  f o r  
s w i t c h i n g  and  t h e  a m b i e n t  a c c e l e r a t i o n  f i e l d  l i m i t  a n d ,  t o  a g r e a t  
e x t e n t ,  t h e  s w i t c h i n g  t i m e .  The m o n a t o n i c  n a t u r e  o f  t h e s e  s l o p e s  
s u g g e s t s  t h a t  t h e  " s q u i r t "  m o d e l  i s  v a l i d  f o r  a l l  r e s t r i c t i o n s .  
However ,  s i n c e  t h e  i n i t i a l  s l o p e  i n f o r m a t i o n  i s  l o s t  c o m p l e t e l y  
i n  t h e  a p p r o x i m a t i o n ,  i t  m u s t  b e  c o n c l u d e d  t h a t  t h e  p r o p e r t i e s  o f  
t h e  s w i t c h i n g  s y s t e m  d e t e r m i n e d  i n  t h e  t e x t  a r e  n o t  v a l i d  f o r  
r / R  c.25. 

I t  r e m a i n s ,  t h o u g h ,  t h a t  t h e  s w i t c h i n g  m o d e l  c u r v e s  a r e  
t h e o r e t i c a l l y  c o r r e c t  f o r  a l l  r e s t r i c t i o n s  u n d e r  t h e  a s s u m p t i o n s  
s t a t e d  ( i . e . ,  no  f r i c t i o n ,  h y s t e r e s i s ,  e t c . ) .  
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